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1 Some Transversality Results 

1.1 Introduction 

This note is an exposition of the proof of Thorn's Conjecture, namely that algebraic curves 
minimise genus within their homology class in CP^, due to Kronheimer-Mrowka (see [KM]). 
New invariants for 4-manifolds, called Seiberg-Witten invariants, are used in the proof. 

For the sake of completeness we have included an appendix at the end on Fredholm theory. 
As background material, the reader may wish to consult the references [D],[PP], [W]. 

1.2 Metrics 

Let X be a connected, compact, oriented 4-manifold. Fix a reference metric go on X, which 
defines a volume form dVgg on X, and hence a trivialisation of the determinant bundle 
f\^(T*X) of the real cotangent bundle. This trivialisation of will be fixed throughout, 
and will be denoted dV without any ambiguity. 

Thus the structure group for X is reduced to S'L(4, R), and one lets PxSL^A) denote 
the principal SL{4,H) bundle on X consisting of all frames in TX on which dV yields the 
constant function 1 on X. 

The corresponding ad-bundle, denoted adsi4, the vector bundle on X whose fibre over 
x G X is the vector space of traceless endomorphisms End^ (TxX) of TxX splits into the 
direct sum of adso4 and adV (abuse of notation since V isn't a lie algebra) corresponding to 
the Cartan decomposition : 5/4 = SO4 © V. Here, the bundle adso^ is the adjoint bundle cor- 
responding to the principal 50(4, R)-bundle PxSO{4:) consisting of (70-orthonormal oriented 
frames. It has fibre consisting of traceless ^o-skew-symmetric endos of TxX over x. adV has 
fibre consisting of traceless g'o-symmetric endos of TxX over x. Both are real rank-3 bundles. 

Clearly, if g is another Riemannian metric on X with dVg = dV, pointwise, then g(u, v) = 
go{{exp h)u, (exp/i)^) for some section h of adV, and thus the space of all Riemannian 
metrics g whose volume form coincides with the prescribed one dV is precisely the space 
of C"'-sections r^(ad7^). This space clearly contains exactly one representative from each 
conformal class of C""-metric on X, and may consequently be thought of as the space of 
equivalence classes of conformal C^-metrics on X. 

The space C := r'~(ad'P) maybe given a Banach space structure (the reference metric go 
is the origin, corresponds to the zero section) via the norm 
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: < i < r, v£ ^'T X, \\v\ 



x,go 



x,9o 



which is the topology of uniform convergence of aU covariant derivatives upto order r. We 
win fix r to be suitably large later on. 



1.3 *g and Self-Duality 

In whatever follows, all metrics g will be elements of C, unless indicated otherwise. 

Let nHX) denote the space of smooth sections of /\'{T*X). The bundle /\\T*X) will be 
denoted simply as A*(^) future. The bundle f\^{X) is identified with /\^{X), the trivial 
bundle on X, via the trivialisation defined in the last section, i.e., the volume form dV = dVg 
goes to the constant function 1 under this identification. 

The Hodge star-operator *g is the pointwise operator which makes the following diagram 
commute: 

II T *a II (1) 

A'(x) ® A'(^) ^ ^^x) 

where ( , )g denotes the pointwise g inner product on 2-forms. One easily checks that 
*9 ° *g = i*^! ^^'^ f^ct that *g is an isometry with respect to the global gi-inner product 
defined on r2^(X) by : 

(w, T)g = jj^u, T)gdV = j^u;A*gT 



Remark 1.3.1 We remark here that on 2-forms the *-operator is a conformal invariant of the 
metric. This follows because if g' = Xg, where A is a function, then (lo, T)gi 
whereas dVgi = X^dVg, so that {uj,T)gidVgi = {u;,T)gdVg. This shows that the ^-operator and 
the global inner product < , >g are both invariant under conformal changes of the metric. 

We then have the eigenbundle decomposition with respect to the involution *g, namely 

where Ap^ denotes the ibl-eigenspaces of *g in /\'^{X). The projections tt^{oj) are ^{uj±*gUj), 
and ^-orthogonal projections with respect to the pointwise (/-inner product. The space Q'^{X) 
then decomposes correspondingly to Qg^[X), and this decomposition is orthogonal with 
respect to the global inner-product { , )g- 

Lemma 1.3.2 (Decomposition for ^f^) There is a ( , )g-orthogonal decomposition : 

nl+ = imd+ e 

where := tt^ o d and Hg'^ denotes the A^-harmonic forms in 
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Proof: By the Hodge decomposition theorem, if a G ^g^! may write 

a = ai + a2 + as 

where ai G Tig, a2 S Imd, and S Im^g, where 6g = *gd*g is the adjoint of d with respect 
to the global L^-inner product < , >g, and the decomposition is orthogonal with respect 
thereto. Since *g and commute, it follows that *g maps Tig to itself, and interchanges 
Im 5g and Imdg. Thus a = *ga implies that oi = *gai, 02 = *ga3, and as = *ga2- Writing 
02 = dj, we have a = ai + dj + *gd'y, and since d'y + *gd'y = 27r+d7 = '2d'^^, the lemma 
follows. □. 



In future, it will be our convention to identify H^{X,Ii) with the space of ^(o-harmonic 
2-forms Ti'^^, which will henceforth be simply written 7i^. Similarly, the symbols *, vr^, 
Q^, Ti"^^, and d^ without subscripts will mean that the reference metric go is understood. 
The commutative square (|l|) above implies that < a,/3 >g= /j^- a A *gP = [a] U *g[P] for 
a, /? E TCg and all Riemannian metrics g. Box brackets around a closed form a will always 
denote cohomology class (=Ag„-harmonic component). 

Remark 1.3.3 If a G "^g^i and a 7^ 0, then [a] U [a] = < a,*ga >g= > 0, and 

similarly a € implies [a] U [a] < 0. Thus if a is self (resp. anti-selfdual) with respect 
to any metric g, its cup product with itself is positive (resp. negative). So, for any metric 
g, the cup product pairing is positive definite (resp. negative definite) on Hg'^ (resp. 'H^~). 
Hence the numbers bf = dimTi.'^^ give the signature type of the cup product pairing U for 
any metric g. 



Proposition 1.3.4 Let dimi^^(X, R) = r, 6^ = 1, and 63 = r — 1. Let the positive cone of 
the U-product pairing be denoted by 

C:={ae H^{X, R) : a U a > 0} 

and let C+ and C_ denote the two components of C determined by the sign of vr+a. Then for 
any metric g ^ C, there exists a unique (7-harmonic 2-form ujg G Hg'^ satisfying (i) [tOg] G C+, 
(ii) [ujg] U [iOg] = {ujg,*gUjg) = 1. Flually, (iii) [ojg] = [oJg>\ if g and g' are conformally 
equivalent. 



Proof: For any Riemannian metric g, there is the composite map : 

7^2 ^ ^ 7^2 

which we call ifjg. For all g, this is an isomorphism, taking a cohomology class (=Ag,j-harmonic 
form) to its A^- harmonic representative. Clearly ipg^{a) = [a] for a G Ti."^. Via ^'g'^^ *g 
maybe be regarded as an involution of ff^(X, R) = 7i . Choose a < , >g unit length element 
of the +l-eigenspace of *g (which is one dimensional by assumption) in H^{X, R). Changing 
the sign of this element if necessary, one can ensure that it lies in C+. This cohomology class 
has unique (/-harmonic representative, denoted by w^, and is the required element, proving 



(i) and (ii). Finally, (iii) follows from the Remark 1.3.1 . □ 
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1.4 The Map pg 

We recall the bundle isometry pg : A^"*" su(Wj^) of §1.4 in [PP], where W± are the Hermitian 
rank 2 bundles arising from the Spin^, structure on X compatible with the Riemannian metric 
g. The metrics on the bundles h± is to be fixed once and for all, and thus the corresponding 
(Hilbert-Schmidt) inner product on the bundles su^W-^) are also fixed once and for all. Let 
us make the isometric identification 

po:K'g^:=k^+^su{W+) 

where po '■= Pgo-, with respect to the reference metric go once and for all. Then we can view 
as a bundle isometry 

Pg : ^ 

with po = Id. This map can be explicitly described as follows. Write 

g{v,w) = goicxp{h)v, c^p{h)w) 

where /i is a smooth section of the bundle adV of §1.2 above. Then for a;, r G A'^{T*{X)), 
one has 

{u},T)g = (A^(exp(-/i)(j, A^(exp(-/i)T)o 

Thus Pg = A2(exp(-/i)). 

Note that /\^(exp(— /i)) = t^{pg) = Id, since dVg = dYg^ = dV, i.e. ^ is a traceless 
endomorphism of the tangent bundle. Now one can calculate the Hodge star operator *g in 
terms oi * := *gQ. 

Lemma 1.4.1 The Hodge star operators *g and * are related by the formula : 

P9*g = *Pg 

Consequently, Pgir'^ = pg, and the bundle map Pg '■ ^ is an automorphism of the 
bundle /\^, effecting an isometry between the metrics ( , )g and ( , )o, carrying onto 
/\^^ and the (7-self-dual 2-forms to the ^iQ-self-dual 2-forms . 



Proof: 

UJ ^*gT= {U, T)gdVg = {pgU, pgT)odV 

= PgUA*PgT = A^{Pg){u/\Pg^*PgT) 
= UAPg^*PgT 

since f\^{pg) = Id. Thus *g = Pg^ * pg, and the result follows. □ 
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1.5 Trans versality 



Notation : 1.5.1 Let 6^ > 1. Let C be as in the subsection 1.2, and, as per our convention, 
0^+, Ti'^^ be the +1 eigenspaces with respect to where go is the reference metric. Let 
ttt^ denote the orthogonal (with respect to ( , )o) projection from $7^"'' to W^"*" from Lemma 
L3.2| . Let 6 G ^1^+, and let c = ci(L) denote a fixed element of H'^{X,R) = Ti^ C n"^ such 



that c U c < 0. 

Let G denote the Grassmanian of ftg -dimensional subspaces of TL^. There is a natural 
rank bundle 7"*^ on G whose fibre over P G G is Tl^/P. One may regard this as the 
quotient bundle of G x Ti'^ by the tautological subbundle on G. By definition, there is the 
natural quotient map t : G x —>■ 7+ of bundles on G, viz. r(P, a) = a (mod P). 

If c G TL^ is a cohomology class, then c defines the constant section of G x H^, also denoted 
by c. Let its image r(c) be denoted by Sc, a section of 7+. The zero locus of this section is : 

Sc = {P£G:ceP} 

If (7 G C is a Riemannian metric, we have the g-self dual projector vr^ : Tig — > 'Hg'^. 
Thus one has a natural map : 



P 



C 

9 ' 



G 

Kerfvr 



(v^+o^,:7^^ 



where Tpg is the isomorphism from Ti^ to introduced in 1.3.4| . This map is easily seen to 
be G^ 

Note that if P{g) G S'c we have that ipg{c) G W^'", which implies [^g(c)] U [V'g(c)] = 



c U c < 0, by |1.3.3| . So ImP n S'c = if c U c > 0. When c U c < 0, We have the following 
lemma, proved in §5.4 of [PP] (see also [DK], §4.3.14): 



Lemma: Let c G H satisfy c U c < 0. The map P : C ^ G defined above is transverse 
to Sc, and its inverse image (the submanifold of 'c-bad metrics') Be = P~^{Sc) is therefore a 
G^ submanifold of C of codimension . 



Now let 5 G Then Pg^{5) G Its (7-harmonic component Pg^{S)ng is in W^^, 

and thus defines a cohomology class [/Og ^((J)'?ig] in -ff^(X, R) = Tl"^^. Consider the element 
c{g,6) = c — ^[{pJ^^)'Hg] G H = H^{X,Ii). (Box brackets denote cohomology class.) Note 
c{g, 0) = c. We then have the section [g, c{g, 6)) of the trivial bundle C x 7i^. Let a^^s denote 
the image of this section under the bundle map P*t : C x 7i ^ P*(7+). Note that (Tc,o is 
just the section P*Sc where Sc is defined above. Let us denote acfi by ac- 

Let i?c,5 denote the zero locus of this section. Note i?c,o is just the submanifold Be defined 
above. 

Let T be a G''-embedded arc, parametrised by [—1,1] in C, meeting Be transversely. 
We will denote a typical element of 2 by gt- We will also use the subscript t wherever a 
subscript gt occurs, e.g. uJt for ujg^ etc., for notational convenience. We now have a couple of 
transversality lemmas, for the two separate cases >2 and 6^ = 1. 



5 



Proposition 1.5.2 Let 62 > 2, and T be transverse to Be as above. In this case of 62 > 2, 
this means I H Be = (p. Then, for all 5 in an e-ball U = B{0, e) of the origin in f2^+, the 
intersection Z n i?c,5 is empty. 



Proof: We are given that I f] Be = (p- This means that I does not meet the zero locus 
of the section Uc = ctc^o defined above, i.e. that o'c^ols'i) 7^ for all t £ [—1,1]. If || || is 
some bundle metric on P*(7+), let a := min(||(Tc,o(5t)|| : t G [—1,1]), so that a > 0. Since 
^c,5{gt) varies continuously with 6, if one chooses e small enough, then one can arrange that 
l|cc,o(5't) — <^c,s{gt)\\ < f for alH G T and all 6 G 5(0, e). It will then follow that (Je,&{gt) is 
non-zero for all t G [—1, 1], i.e. that I H B^^^ = (f), proving the proposition. □. 

Proposition 1.5.3 Let 6^ = 1, and let I meet the submanifold B^ transversally at a single 
point, say {ga}- Then, for all 6 in an e-ball U = B{0, e) of the origin in Q'^^, the map 

fs : X^R 

9ta ^ (^c - -^[iPg^S)Hg]^ U [ug] = c{g,S) U [ujg] 

where [ujg] = ip~^{ujg) is the cohomology class of ujg G W^^, has a unique zero, and this zero 
is a regular value. 



Proof: Let adgt) denote the section cjc restricted to the arc I. Let p : P*(7+) C 
denote the bundle projection, and Z the zero section of this bundle. Since 6^ = 1, this a real 
line bundle, and may be regarded as the line subbundle of C x Q'^ whose fibre over g is W^"*". 
This bundle has a triviahsation over all of C, defined by g ^ ujg, where ojg G C rig"*" is 



the form defined in 1.3.4 . By the fact that the zero section of 7"*" and the section Sc{G) meet 
transversely inside 7^, and the transversality of P to Sc, it easily follows that (Tc(C) and Z 
meet transversely in P*(7^). By assumption, the intersection: 

lr\Be = pac{T)r\p{ae{C)r\Z) 

is a transverse intersection at the single point {go}- Since p : ac{C) ^ C is a diffeomorphism, 
which carries crdl) and <Tc(C) H Z diffeomorphically to I and Be respectively, it follows that 
inside the manifold a"c(C), adl) meets adC) n Z transversely at the single point C7c{ga)- 
This means that the tangent space To.^(g^)((Jc(X)), which is a one dimensional subspace of 
Ta,(ga){'^c{C)) is linearly independent of the subspace r^^(g^)(fTc(C) n Z) = r^^(g^)(fTc(C)) n 
T which is of codimension one in To-^(g_^)((Tc(C)). This means that the tangent 

space T^^(^g^-){ac{I)) is not contained in T^^(^g^^{Z). Since this last space is of codimension 
one in the tangent space T^^(^g^^{P*j^), one has that the curve (Tc{I) meets the zero section 
Z transversally in the singleton {adga)}- Now let 9 : P*{'y^) ^ R be the map 9{a) = 
[a] U [u)g] = J-^a Au!g, where a G Ti.'^, coming from the triviahsation of the line bundle 
P*(7^) described above. Then is a submersion, and Z = 6~^{0). So saying that the curve 
(Tc(X) meets the zero section Z transversally in the singleton {crdga)} is equivalent to the 
statement that /o = ^ o o"c : X — > R has a unique zero at ga, and /o(a) := /o(5a) is non-zero. 
Say /o(a) > 0. Then, 
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(i) /o(i) will be strictly positive on a closed neighborhood V of ga, and also 

(ii) mm{\fo{gt)\:gteI-V°} = b>0 

Since a^^s varies smoothly with 5, (i) and (ii) above continue to hold good for fs := Ooa^^s 
for all 5 £ U, where U is an e-ball around for e suitably small. This proves the proposition. 
□ 



2 The Parametrised Seiberg-Witten Moduli Space 
2.1 The Gauge Group Action 

In the sequel, we assume b2{X) > 1. Let L, W+, W- be a Spin^ structure on X. c will 
always denote ci(L) E R) = 7^^+. Let go be the reference metric as before. Let A: > 6. 

We need to define various spaces : 



A := the completion of C°° C/(l)-connections on L (an affine space modelled on Q,^{X)), 
with respect to Sobolev k-norm L|. By abuse of language, we shall denote the L|- 



completion of Jl^ as 0,^. 
T{W^) := L\ completion of C°° complex- valued sections of 
r(14/'„) := L'j,_^ completion of C°° complex-valued sections of W-. 

Q := Map(X, S"^). A Hilbert manifold whose lie algebra is the L|^^-completion of Q^{X). 

:= L^_i completion of real valued self-dual 2-forms, again denoted by same symbol 
by abuse of language. 

Af:= Ax r{W+). 

Af* := Ax {T{W+) - {0}). 

The choice of A; > 6 implies, by Sobolev's Lemma, that elements of each of the Sobolev 
spaces defined above are at least twice continuously differentiable. 
Q acts on by the action : 

<7.(A^) = {A-{^)g'Ug, g'^) = {gA,g<P) 

and the choice of norms above makes this a smooth action. Note that g.{A,0) = {A,0) for 
all g £ C Q, so that the gauge group action of ^ on is free on Af* , and has (as can be 
checked easily) isotropy on {A,0). 

Remark 2.1.1 The decomposition lemma 1.3.2| for Q"^^ = Q,'^'^ continues to hold for the 
Sobolev completions defined above because d : ^ f^rz has closed range and H'^^t 
consists of smooth forms by elliptic regularity. 
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Let X denote a compact arc in C, meeting as in the hypotheses of Propositions 1.5.2 and 



1.5.3 . A typical point on T will be denoted by ^t, and a subscript t anywhere will mean that 
the metric gt is being used. Absence of subscript, as always, will mean that the reference 
metric is understood. We also recall the map : X ^ R in the setting of 62" = !> that was 
defined in Corollary 1.5.3. For simplicity let us assume that /^"^(O) is the reference metric 



and is a regular value as stated there. We recall the notation and definitions of §3, 4 

and 5 of [PP]. For a metric gt on X, (A, <l>) is called a 'monopole' if it satisfies the following 
equations: 

DA,t^ = 

ptiF+'')-ai<l>,<l>) = (2) 

where F^'* = 71^(^4), and we have, once and for all, identified T(su(W+)) with JIq^ = 
via po, (see |1.4D , and the pairing a : W+ W+ — > fi^"^ ~ T(su(W+)) is the pairing defined 
in [PP], §1.5. pt = Pgt is the isomorphism identifying il^'^ with T(su(W+)) = 17^+ as defined 
in |l| (see also §1.4 of [PP]). 

Let G act trivially on ri^"*" and X, and consider the G-equivariant map : 

Q: Ax r{w+) X X ^ r(PF_) X 

{A,<^,gt) ^ {DA,t<^,Pt{F+^')-cT{^,'^)) 

Thus the solutions to the Seiberg-Witten equations (^) are precisely the elements of 
Q~^(0, 0). Since (0,0) won't in general be a regular value for Q, we need to consider the 
(5-perturbed Seiberg-Witten equations, viz. Q~^{0,6), where 5 is a suitably small element of 
Since the map Q is G equivariant, and (0, 6) is fixed by ^, it is natural to quotient out 
Q~^{0,d) by the ^-action. We shall proceed to do this in detail, in the sequel. 

2.2 The Derivative of Q 

Lemma 2.2.1 The derivative of Q is as follows : 

(i) 



DQ{A,^,g,)ia, (p, 0) = [DA,t^ + 2TTia o pt{dZa) - 29f7($, c 
where 9 denotes imaginary part, and o Clifford multiplication. 

(ii) In the case when = 1, let 6 := Q{A,0,gQ) = F^, and X, fs be as in Proposition 
|L5l . Then: 

DQA,o,go{0,0,g'm = (0,(i+a + 27r/^(0)c^o) 
where a is some 1-form and ujq := cog^ is as in Proposition |1.3.4| , and go is the unique 



zero of the function fs, as in 1.5.3 



Proof: Using the fact that Da = J2^{^i) ° '^A,ei and that 'VA+sa,ei = '^A,ei + 27risa(ej), 
we obtain that Da+sq = Da + 2Trisa o (— ). Thus : 
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{DA+sa,t{^ + S'P)) = DA.t(l) + '2iTiao^ 

as\s=o 

Finally, since Fa+so = Fa + s da, we have i^Xf sa ~ ^1'^ + ^ dfa, so that 

Skew-sesquilinearity of a implies that : 

cr($ + s(p,^ + s(p) = (/>) + a((j), ^) = 29cr($, cp) 

as \s=o 

and we have (i). 

To see (ii), since we are computing the derivative at <1> = 0, in the direction of = 0, we 
have DA,t^ = and a{^,^) = for all t, so the first coordinate of the right hand side of the 
equation in the statement is clearly zero. Now one just needs to compute ^|^^q (^pt{F^'^ 



By 1.3.2, we have 



a 



dt\t=o ^ ' \dt\t=o 

for some 1-form a, where ( , )o is the global inner product on with respect to qq. Recall 



from § |Ljthe facts that po = Id and {pt{—),pt{—))o = {, )t, ^oi the pointwise inner product, 
and so we have the same formula for the global inner product, viz. (pt(— ), Pt(— ))o = ( i )t- 
We compute the first term : 



because for a G "H^, the *t self duality of ujt implies [a] U [u;^] = {a,ujt)t- This proves the 
proposition. □ 

2.3 Moduli Spaces 

Proposition 2.3.1 There is a Baire subset U of an e-ball around in 17^+ for which both 
of the following hold : 

(i) (0, 6) is a regular value for Q\j\f*xj 



(ii) The conclusions of Proposition |1.5.2| , when 6^ > 2, and Proposition 1.5.3, when 6^ = 1 
are satisfied by 6. 
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Proof: Since Q is not a Fredholm map, one cannot directly apply Proposition 5.1.2 or 
Corollary 5.1.3| of the Appendix to it. However, consider the space : 



M*{1) := {{A,^,gt) : DA,t^ = 0, <I> / 0, 5* G ^} 

Since Q is ^-equivariant, and Q acts trivially on X and fi^^, it follows that the Q action on 
^A*{I) is free. Also, M*{Z) is fibred over Z via projection to the last coordinate. Note that 
M*{1) = QrHo) where 

Qi = T^viw-) o Q : AT* X J ^ TiW.) 

By §3.4 of [PP], we know that is a regular value of : N* x {gt} T{W-). Thus it 
is a regular value of Qi, so that is an (infinite dimensional) submanifold of J\f* x T, 

whose fibre over gt ^ I is Ai*{gt) (as defined in § 3.4 of [PP]). Now, by Lemma S.l.f: of the 
Appendix, regular values (0,(5) will exist for Q\j\f*xi whenever regular values exist for the 
map : 

Q2 = 7Tn2+ oQ : M*il) ^ 1^2+ 

{A,<^,gt) ^ (pt(F+'*)-a(cI>,<D) 



Again, Q2 is not a Fredholm map. On the other hand, it is constant along ^-orbits. 



Claim 1: Q2 descends to a map O,"^^ (which we also denote by Q2), and this 

map is Fredholm of index d{L) + 1 where 

d{L) :=i(ci(L)2-3a(X)-2x(X)) 

(cr(A) is the signature, and x{^) the Euler characteristic of X). 



Proof of Claim 1: Since /Ot(F^'*) - <t($,«>) = ptiF^/) - a{g<^,g<^) for all g e G, it is 
clear that Q2 descends to the quotient space Ai*{T)/G. 

Now, the inclusion of tangent spaces: Tx{J^* {gt) / Q) ^ Tx{Ai*{T)/Q) has codimension 
one at each x (= dimension of the tangent space to X), it is enough to prove that 

Q2,f-M*{gt)/G ^ 

is a Fredholm map of index d{L). The diagram : 

^ T,{g) T^A,^,g,){M*{gt)) T^^[AM,9t){M*{gt)/G) - 

^ s^o ^ n^+®n^ — > — > o 

shows that DQ2,t on the right is Fredholm of index d{L) ifi' the middle map x given by 
x(a,0, 0) = {DQ2^t{a,4')jd*a) is Fredholm of index d{L), since the laplacian A has one- 
dimensional kernel and cokernel, X being connected. 
However, the diagram : 
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i X 



TiA,^,g^)i^* X {9t}) 
I xi = {DQt,d*) 

r(Ty_)efi2+©fiO 



DQi,t 








where (p, 0) = {DQt{a, (f)),d*a), implies that x is a Fredholm operator iff xi is a Fredholm 
operator, and of the same index since the vertical map on the right is an equality. Now, note 
that by the Proposition |2.2.1| , part (i), we have : 

Xi{a, (/>, 0) = {DA,t^ + l-Kia o pt(d+a) - 29(a($, (/))), d* a) 

Now, a £ Lf,, <I> G L| implies that a o $ E L|, (Leibnitz rule for k-th derivative of a product 
and Schwartz inequality), and since we have L'j._^ Sobolev norm on T{W-), Rellich's Lemma 
implies that the map a a o <I) is a compact operator from into T(W-). Similar 
considerations apply to Qa{^,(f)). Thus xi is a compact perturbation of the map : 

r(^+) xn^ ^ r(VF_) x x 

{a,(p) ^ {DA,t(p,Pt{dfa),d*a) 

whose index is clearly index(L'^) + index ( d*). The index of the second map is the 
negative of the Euler characteristic of the complex 

which is (— dim H'^'^ — dim + dim H^) , which is -i {a{X) + x{X))- The Atiyah-S inger 
index theorem for the Dirac operator implies : 

indexL»A = ((t{X) - ci{Lf) 

Combining these, we have the index of (^2 : Ai*{I)/Q 0,"^^ to he 

d{L) ■.= \(c,{Lf-MX)-2x{X)) 

which proves Claim 1. □ 
We now return to the proof of our Proposition. By 5.1.3 and 5.1.6| , we have a Baire 
subset of a neighbourhood of in such that for 5 in this subset, (0, 5) is a regular value 
for Q\j\f*xi- This proves (i). To get (ii), one just intersects this Baire subset with the e-ball 
U that is guaranteed by Propositions |1.5.2 and |1.5.3| . □ 



are 



Notation : 2.3.2 We now fix a 5 so that both (i) and (ii) of the last Proposition 2.3.1 
satisfied. In the case 6^ = 1, we assume that the function : T — > R has its unique zero at 
qq, and is a regular value for it. For notational simplicity we modify Q to Q^, a translate 
of Q, by the formula : 

Qs{A,^,gt) = Q{A,^,9t)-{Q, 6) 



We thus have the following consequence to the propositions and corollaries 5.1.2, 5.1.3 
5T|, 15.1.61 and |2.3.1| 
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Proposition 2.3.3 We have the following facts about Qs- 



(i) The map : 

Qs :ArxI^T{W-) xn^+ 

is a ^-equivariant map with (0,0) as a regular value for Qs\j\r*xii so that (5^^(0, 0) n 
A^* X X is a Banach manifold, which we will denote as M*^{X). It is fibred over I with 
fibre Ml{gt) on gt. 

(ii) When > 2, Qs^{0, 0) C Af* x I. In this case the group of gauge transformations 

Q acts freely on all of Qj^{0, 0), and consequently the quotient space Qj^{0, 0)/G = 
A4g{I)/G := Mc^si^) is a manifold of dimension d{L) + 1. This manifold may also be 
regarded as K^)' where Q2,s = 7rQ2+ o is as in Claim 1 in the proof of Proposi- 



tion 2.3.1. Its fibre over gt, Mc^s{9t) is a compact manifold of dimension d{L) for all 
gt G X. Thus Afc,5(X) is also compact. In particular, when d{L) = 0, it is a finite union 
of arcs, and the cardinality i^(M(.^s{9t)) (mod 2) is independent of t, and consequently 
an invariant of X (with its given Spin^ structure) . 

(iii) If 6^ = 1, and H'^iX,R) = 0, the space 



[qj\o, 0) n (^ X {0} X X)) /g 

is just a single point (called a reducible solution), say ([Aq, 0], g'o). A neighbourhood of 
this point in Qj^{0, 0)/g is homeomorphic to (/)~^(0, 0)/S^ where : 

(p : KerDAo,o ^ CokerD^cO 

is a smooth map which is (a) S^-equivariant, and (b) has as a regular value in a small 
deleted neighbourhood U — {0} of in Ker DaqA- For metrics gt such that t 7^ the 
moduli space Mc^sidt) is a finite set of points if d{L) = 0. 



Proof: 

(i) follows immediately from Proposition |2.3.i| . For (ii), note that Qs{A,^, gt) = (0, 0) 
implies that DA,t^ = 0, and pt{F^'^) = a{^, <I>) + 6. This implies 

^ (ft-V($,^.))^^ = ^ - P^HS))^^ = vr+ o Mc{gt,S)) = a,4gt) 

in the notation of |1.5.1| . But X n B^^s = 0i i-e- the section ac^s is nonvanishing on X by our 
choice of X and 6, so o"(<I>, $) 7^ 0, and so $ 7^ 0. Thus there are no reducible solutions, and 
Qj\0,0) cJ\f* xl. Hence Qj^{0,0)/g is a smooth manifold, since the G action is free on 
M* X X, and since each fibre Mc^siot) (notation of §3.5 of [PP]) is compact by §5.2 of [PP]. 
Since X is compact, so is Mc_5(X). In the case when d{L) = 0, Mc^sist) is then a finite set of 
points, and Mc^siQa) and Mc^s{gb) are cobordant, and so have the same cardinality (modulo 
2). In particular, Mc^sidi) and Mc.s{g-i) have the same cardinality modulo 2. Thus we have 
(ii), since the rest of it follows from Proposition 2.3.1 and Lemma ^.1.6 of the Appendix. 
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To get (iii), note that when 5^ = 1, Q2^5{A,0, gt) = (0, 0) imphes that (Jcsigt) = 0. This 
happens (see Proposition 1.5.3| ) iff fs{gt) = 0. By our choice of Z and 5, this happens only at 



gt = go- Now choose a point {Aq, 0, go) G Qj^{0, 0) n x {0} x J). Then Qs{Ao + a, 0, go) = 
(0, 0) imphes po{dQa) = d^a = 0. Let g ^ Q- The gauge action takes Ao to Ao + g*uj, where 
uj G if^(S'^,R) is the generating "angle" 1-form of S^. But g*ijj is thus a closed 1-form on 
X. Since H^{X,Y{) = by assumption, g*oj = da for some function a G Conversely, 
given an Q G , the map g : X ^ S'^ defined by g{x) = e'^'^^"-i^) satisfies g*{uj) = da. Thus 
(q^^(0, 0) n X {0} X J)) /g ~ ^f^f = H'^{X,R) = O. So it consists of a single point 
[(^0,0, go)]. 

Now we need to get a model for a neighbourhood of this point. It is well known that for a 
smooth action, the neighborhood of a point in the orbit space corresponding to an orbit with 
isotropy G is homeomorphic to a neigborhood in the orthogonal slice of that orbit divided 
by the isotropy G. A slice in x r(W+) x X orthogonal to the ^-orbit of {Aq, 0,go), which 
we will take as (0, 0,50) by setting the origin at Aq, is clearly (Imd)^ x r(W+) x R because 
the ^-orbit has tangent space Imd x x at (0,0, go)- Also DQs ■Ao,o,go is an S'^-equivariant 
map, (because Qs is Q equivariant), where is the isotropy group of the point {Ao,0,go), 
and of course, this S'^-action is orthogonal and linear (it is the derivative of the S'^-action on 
the space A x r(l^+) x C). By Lemma |2.2.1| , we have : 

DQs-Ao,o,go{0',(t),0) = {DAo<P,d~^a) 
DQ5M9o(.0,0,Xg'{0)) = (0, A(27r/K0)c^3„ + d+a)) 

We now claim that: 

DQs -AoAao ■■ (Imc?)^ x r(W^+) x R ^ r(VF_) x 

is a Fredholm operator, whose kernel is Ker Daq C T{W+), and cokernel is Coker Daq C T{W-] 
From the above formulae it follows that 

Ker {DQs;Ao,o,9o) = {(a, 0, A(7'(0)) -.a ±lmd, DaJ = 0,d+a + X{d+a + 2Trf's{0)ujg,) = 0} 

Now, iVgg _L lmd~^, so on the right hand side we must have A27r/^(0)a;g(, = 0. But /^(O) 7^ 0, 
by our choice of X, 6 and Proposition L5.3| , so A = 0. But this implies that Dao4> = and 



d+a = 0. Thus 

Ker{DQs;Ao,o,go) = ((Im (i)^ n Ker d+) x KerZ^Ao 

Since (Imd)^ n Kerd^ ~ Kerd+/Imd C H^{X,R) = 0, this is just KerD^o- It is finite 
dimensional by ellipticity of the Dirac operator. 
To show that 

DQs-Ao,o,9oii^^d)^ X nw+) X R) 
is closed, it is enough to show that DQs ■Ao,o,go{{^^d)-^ x r(W+) x 0) is closed. But this is 
just ImZ^Ao X d+{lmd)^. Now (Imd)-^ = KeTd* =n^®d*n'^,so d+(Imd)^ = d+d*Vi^. Since 
f]! = 7^1 e (i*Jl2 ^op^ ^+^1 ^ d+d*n'^ as well. Thus d+{lmd)^ = d+n^. This is clearly 



closed by the decomposition of Lemma |1.3.2| . Since Dao , the Dirac operator, is elliptic, its 
range is closed too, so the range of 

DQs;Ao,o,9o ■■ (Imc?)^ X r(^+) X R ^ r{W-) X 
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is closed. Its cokernel is 



{{ip, r) :^_L IuiDao] r _L d+a + A(d+a + 27r/^(0)wo V A G R, a£ (Imd)^} 

This implies tp G CokerD^g. Also, setting A = 0, one finds that r _L d~^{{lmd)-^), i.e. 
r _L d'^^l^. Since r G ri'^+j the Lemma |l.3.2| implies that r G Ti"^^. However, by setting a = 
and A = 1, r is also orthogonal to 27r/^(0)a;o + d+a, and since we already have r _L d'^Q,^, 
it follows that r ± wq, since /^(O) / by our choice of I (from |1.5.3| ). We now note that 
(jjQ was chosen as the basis element of Ti^"*", so r = 0. Thus the cokernel of our map is just 
CokerZ'^f,. This proves our Predholm-ness assertion, and the identifications of kernel and 
cokernel. 

Thus, Proposition p.l.5| applies, and a neighbourhood of {A, 0, go) in Qj^{0, 0)/G is home- 
omorphic to a neighbourhood of in (p^^ (0) / , where the S'^-equivariant map : 

(j) : Ker Daq — > Coker Daq 

has as a regular value when restricted to (/>~^(0) — {0}. The last statement follows from the 
fact that if t 7^ then fs{gt) 7^ 0, and M.g{gt) = M.s{gt) is a Banach manifold (by part (i)), 
since there are no reducible solutions, and its quotient by Q has dimension d{L) = by part 
(ii) above. This proves (iii), and the proposition. □ 



3 Computations 

3.1 The case of CP^ifnCP^ 

Let X = CP^#nCP^, which is just the blow-up of CP^ at n points. The case n = is just 
CP^ which is a special case of the ensuing discussion. Since X is a complex manifold, we have 
a canonical spin^ structure on X (as in § 6.1 of [PP]), with L = K^^, W+ = K^^Ql,^, VF_ = 
ThoiiX). Also 

(i) H^{X,R) = 0, and 

(ii) H'^{X, R) = RH®Y.i=i R-E^i; where H is the pullback of the hyperplane class in CP^ via 

the blow up map tt and will, from here on, be called the hyperplane class by abuse of 
language. Ei is the generating CP in the i-th copy of CP . The cup products between 
these classes are : 



HUH = 1, EiUEj = -6ij, HUEi = V l<i,j <n 
Thus 6^ = 1, b2 = n and the cup pairing is of type (l,n). 

(iii) From the formula Kx = 7^*(K(^p2)<Si [E], where E := X^iLi is the exceptional divisor, 
and that ci{K~^2) = ci(Cp2) = 3H^p2, it follows that ci(L) = ci{K^^) = 3H - E. 
Thus ci(L)^ = 9 — n, and this is < whenever n > 9. Since x(^) = + 3, and 
a{X) = 1 — n, we have d{L) = ^ (ci(L)^ — 3a — 2%) = (see Proposition 2.3.1 for the 
definition of d{L)). 
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Proposition 3.1.1 For X = CP^#nCP^, the Seiberg-Witten Moduli Space Mc,s{gt) con- 
sists of finitely many points whenever fs{gt) 7^ 0, (i.e. when t ^ 0) where fs is the function 
defined in 1.5.3. 



Proof: Follows immediately from (iii) of Proposition 2.3.3 □ 



Of course, this proposition does not tell us what the cardinality (mod 2) of the moduli 
space Mc^sist) might be. To show that there exist metrics for which this cardinality is non- 
zero will be our next goal. 



Proposition 3.1.2 Let X = CP #nCP , as above, with n > 9. Let I be an arc in C chosen 
in accordance with the Proposition 2.3.3| (i.e. (0,0) is a regular value of Qs\j\f*xij and the 



function : X ^ R satisfies the conclusion of Proposition |1.5.3| . Then : 

#M,,5(g_i) - #M,,5(gi) = 1 (mod 2) 



Proof: By (iii) of Proposition 2.3.3| , a neighbourhood of {Ao,0,go), the unique reducible 



point in M^^^iX) is homeomorphic to a neighbourhood of in cfp /S^^ where (j) : KerD^^Q 
Coker is a smooth S'^-equivariant map, and <j) has as a regular value in a deleted 
neighbourhood of in Ker ■ We need to show that an odd number of arcs emerge from 
in this neighbourhood. 
Now 

indeX(t.(Z)Ao) = ^indexR(Z)Ao) = ^{ci{Lf - cr{X)) 
= -(9 - n - 1 + n) = 1 

Thus if dim([; (Coker D^p) = r, then diuif^iker Daq) = r + 1. So our cj) is an S'-'^-equi variant 
smooth map (with S'^ acting as scalar multiplication on both sides) from C"*"^ to C, with 
a regular value for (p^i^r+i_Q. Let 0{—l) denote the tautological bundle on CP'', and let 

vr : (C''+^ - 0)/^^ ~ CP'' X R+ ^ CP'' 

denote the projection into the first factor. If we then denote by < zq, ...Zr > the 5^-equivalence 
class of (zq, ..Zr) in the orbit space (C"*""^ — 0)/5^, we get a natural section s of the bundle 
vr* hom(0(-l), C) ~ 7r*(C'' 0(1)) by setting : 

s(< Zo, Zr >)iu) = (j){zo, Zr) 

where u is the unit vector n^^j^j— The 5^-equivariance of (j) implies that this map s is 



well defined, and that is a regular value for (f> on a deleted neighbourhood means that s 
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is transverse to the zero-section. Now, s~"'^(0) is clearly (/>~^(0,0) — {0}/5^. Thus, modulo 
2, the number of arcs going to is precisely the number of points in s^^(O) H (CP'' x {e}) 
modulo 2, for generic e. But this is just the Euler number of the bundle C 0(1), which is 
1. Thus 

#M,,5(5-i) - #M,,5(gi) = 1 (mod2) 
and we are done. □ 



Proposition 3.1.3 (Hitchin) There exist metrics g onX = Cp2#nCp2, such that : 

(i) g is Kahler. 

(ii) [ujg] U ci{L) has the same sign as the scalar curvature Sg, which is positive. 

(ill) For any metric g' conformally equivalent to a Kahler metric g satisfying (i) and (ii) 
above, [wg'] U ci(L) > 0. 



Proof: See reference number [4] in [KM] for the proof of (i) and (ii). For (iii), note that 
[u!gi] = [uJg] when g and g' are conformally equivalent, by (iii) of |1.3.4| . □ 



Clearly, for a metric as in Proposition 3.1.3 above, the moduli space Mc^sid) is empty, by 



5.2 of [PP]. Consequently, we have the following corollary to Proposition |3.1.2| . 



Corollary 3.1.4 If 5 is a metric on X = CP"'#nCP"' such that ci(L) U [cOg] < 0, then the 
moduli space Mc^sid) / 0- 



Proof: Assuming there is such a metric, join it by an arc X in C meeting Be transversely, at 
one point, and apply Propositions 1.5.5 , 3.1.2| . □ 



3.2 The Tubing Construction 

Let X be a compact, connected oriented Riemannian 4-manifold, and let y be a compact 
3-manifold, also oriented (so that its normal bundle in X is trivial) such that : 

X - Y = X+U X_ 

as two disjoint components. Assume further that there exists a Riemannian metric g on X 
such that g\p(e) = dt'^ ^ 9y, where i/(e) is an e- tubular neighbourhood of Y in X, and gy is 
a smooth Riemannian metric on Y. Let us denote g\x± •= 9±- 
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Definition 3.2.1 Define the R-tubing of X, denoted {Xn^gn) to be the manifold. 

Xr = (X_ U {[-R, 0] X Y)) U (([0, i?] X y) U x+) 

with the metric qr being defined by ^/jix^ = 5± and g\[-Rfi]xY = dt^ ^ 9y on the piece 
[-R, R] X Y. Note the ends {±R} x Y are identified with dX±. 

Clearly, since Xr is diffeomorphic to X, one may view gR as a new metric on X. Of course, 
its volume form dVg^ will change, but by a global conformal change one may restore the old 
volume form. Note that this conformal change does not affect ujq. Now let us go back to 
X = CP^#d^CP^, where d > 3 (so that n = (f > 9 and ci(L)^ = 9-n < from the opening 
discussion of this section). 

Let S be an oriented smoothly embedded surface in CP^ whose homology class is Poincare 
dual to dH (i.e., it is of degree d) in ii'^(CP^). Thus the cap (or Kronecker) product H.[T,] = d. 

Let 5j be a sphere CP^ in the i-th copy of CP which is dual to (—£'i), so that Sj. Si = — 
6ij. Let us define the internal connected sum S = S#S'i#S'2..#5^2. Clearly the genus g{T,) is 
the same as that of S, i.e. ^(S), since S and S are homeomorphic. Also [S] is the homology 
class Poincare dual to dH — E. 

Lemma 3.2.2 S has trivial normal bundle in X. 



Proof: Let u = viT?) be the normal bundle of S in X. Then we know that the Euler number 
of this bundle is precisely the self-intersection number of S in X, i.e. {dH — E).{dH — E) = 
cPH^ _j_ _ ^2 _|_ ^ ^2 _ ^2 _ ^2 _ g_ xhus viT,) has a nowhere vanishing section, i.e. has 
a trivial line bundle as a summand. Since it is orientable, it follows that it is trivial. □ 

Thus if z^e(S) is an e-tubular neighbourhood of S, we have z^e(S) ~ x S, and its 
boundary du^il]) ~ 5^ x S. Call this last space Y . Now apply the tubing construction of 
|3.2.1| to X, Y, with X_ = X-iy^{t), X+ = j/^(S), Y = du^{t). Note that an e-neighborhood 



of Y is diffeomorphic to (— e, e) x Y. 

Proposition 3.2.3 Assume there exists a metric on X such that go\iy^(Y) is a product 
metric, and let (X{R),gR) denote the i?-tubing of 5 as defined above. Then, for R sufficiently 
large, ci(L) U [wg^] < 0. 



Proof: For notational ease we shall denote by ujr. Let Ri be a sequence of positive 
numbers tending to cxd. We know by Proposition 1.3.4 that in H^{X, R) = [w/jju[w/jj = 1, 
and [wr.] E C+ where C+ is the preferred component of the positive cone of the cup-product 
form, which contains the class H defined above. So [w/jj D H > for all i. Let us normalise 
and define cjj to be the unique Aq harmonic 2-form representing ([<jJ_rJ U H)~^[uJR^]. It is 
clearly enough to show that ci (L) U < for i large enough. Since uJi U H = 1 for all 
i, and hence LOi lie in the bounded region C+ n {/? : f3 U H = 1}, so have a (with respect 
to the global inner product ( , )gg) L^-convergent subsequence, which we continue to call Wj. 
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Since are A^^ -harmonic, the Garding inequahty says that they converge in all Sobolev 
L^-norms (with respect to the 5o-™6tric on X), and hence uniformly on compact subsets 
K C X-i- U (0, e] X y C X, in particular. Now, there is a diffeomorphism (pi : X{Ri) X, 
which takes the piece X^ U (0, Ri] x y to the piece X^ U (0, e] x Y, taking the metric gR. := gi 
on X{Ri) to the metric gi on X. Note that (t)i are identity on X^., and just a scaling of of 
the t variable on (0, Ri] x Y and identity on the Y variable. So, on the piece (0, e] x Y , the 
1-form ds has length with respect to gi, but length 1 with respect to go- The 1-forms on 
Y have the same length with respect to gi and g^. It is now more convenient to change the 
variable t to R — t, which replaces X^ D{0,R] xY with the isometric manifold X^ L)[0, R) xY , 
where dX^ is glued to {0} x Y, and similarly s to e — s taking (0, e] to [0, e). Let us define 
Xi^ = U [0, Ri) X Y , and (j)i is the composite diffeomorphism (f)i : XiJ^ X^ U [0, e) x Y. 



Also, since (pi and (j)j are both identity on Y, and (pids 



Ri 



dt, (b*ds 



R. 



■dt for j > i, where 



s £ [0, e), it follows that for j > i we have, for any i-form uj on [0, e) x Y, the inequalities: 



(piUJ - (pjUJ 



< 



< 



\\^\\go,X+U[0,e)xY 
( I l \ 



Ri R 



\UJ\ 



•3 . 



go,X+U[0,e)xy 



(3) 



Note that all the Xi^ are isometrically embedded in the non-compact manifold with 
infinite end X^ := X^^ U [0, cxd) x y, where {0} x y is glued to i9X+, with the complete 
metric defined by gj^ on X+ and dt^ x gy on the infinite tube [0, oo) x Y (call this metric 
^oo)) so that goo\Xt = 9i- Extending (p^uji on by to all of X^ defines an L'^(g^) form 
on Xoo, which we continue to denote by the same symbol. Now let uii be the Ag^-harmonic 
part of (pltOi- This is possible in view of the Kodaira decomposition: 



dAc © 6 Ac 



which is always true for a complete Riemannian metric (see [Ko]). (For such a complete 
metric g, Ker A^ is the same as the space of closed and co-closed forms.) Now let K he a 
compact subset of Xi+, and hence Xoo- Since for j > i, we have Xi+ C Xj^ C X^o and 
9j = di on Xj+, we have the inequalities of sup (C*^) norms : 



< 









(f)*UJj 








(f)*UJj 











oo,K,gj 
oo,K,gj 



+ 



oo,K,gj 



\ Ri Rj 



\^i\\oo,(l,j{K),go + W^i ^i\\oo,cj>,{K),gj 



- ^\Ri R.]\\^''^\°o,<t>j{K),go + \\^i '^illoo,</,,(ii-),9o 



by using the two inequalities (|^) above. This shows that the Ag^-harmonic forms uJi are 
uniformly Cauchy on compact subsets of Xgo, and hence converge uniformly on compact sets 
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to some -harmonic form uj. Also, 

shows that Co is an 2- form with respect to goo on X^o, so it is in TC^. However, the Kodaira 
decomposition above shows that this space is precisely the image of H'^{Xoo) in H'^{Xoo)- 
However, from the definition of X+, this is precisely the image of H2(X-^-,^X-^.) in 
which is the kernel of the restriction map H^{T, x D^) H'^{T, x S^), which is zero (e.g. 
by Kunneth formula). Thus u) = 0. 

Now, since is a trivial bundle, we may find a copy of S, call it Si which lies in 

dX^ = and is homologous to S in X. Note that Si therefore lies in Xi^ for all i, 

and in X^o, satisfying (f)*{T,i) = Si for all i. Now, 

lim {iOi U {dH — E)) = lim / uji = lim / oji 

i—*oo woo J 2 j— >oo J 2j 

= lim / (piUJi = lim / Ui 
= 

Consequently, since ci(L) = 3H — E, we have 

lim (wi U ci(L)) = lim LViU {dH - E) - {d- 3) {uJiU H) 

j— »oo i— >oo 

= - (d - 3) < 

since d > 3 by assumption. This proves the proposition. □ 

Corollary 3.2.4 There exists a metric g on X, which is a product in a tubular neighbour- 
hood of Y, such that #Mc^s{gR) / for i? large enough. 



Proof: Since Y has a product neighbourhood, one can put a product metric on an e- 
neighbourhood of Y, and extend it to all of X by using a partition of unity. The rest 
follows from the Corollary 3.1.4 and the proposition above. □ 



3.3 Temporal Gauge Solutions 



We go back to the setting of the tubing construction of Def. 3.2.1, and do some analysis 
on the tube portion [—R, R] x Y. Look at the restrictions of the ^7(2) bundles W± coming 
from the chosen Spin^ structure on X to [—R,R] x Y, viz. W±\[_ji^ji]yY- These are both 
isomorphic via c{dt), Clifford multiplication by the (unit length) 1-form dt, and hence may 
both be regarded as pullbacks via the projection map [—R,R] x Y y of a C/(2)-bundle 
W3 on Y. If j4 is a connection on [—R,R] x Y, then ^|{t}xY ■= ^{t) is a connection for 



19 



L|y for each t, and maybe regarded as a path in Ay, the affine space of U{1) connections on 
L|y. Similarly, if $ € r(W+), one may regard the restriction to the t-slice <&(t) as a path of 
sections of r(VF3). Note that the metric on [—R, i?] x y is a product, and hence induces the 
same metric on each slice {t} x Y. 

Definition 3.3.1 We say a connection A on R x y is in temporal gauge if it has no dt com- 
ponent. (We are of course fixing a reference connection Aq, as always). Say it is translation 
invariant in a temporal gauge if it is the pullback of a connection on L|y. Similar definitions 
make sense for [0, R) x Y, and [—R, R] x Y. Finally, a solution (A, $) to the Seiberg-Witten 
equations on (X/j = X, g^i) will be called a temporal gauge solution if A is in temporal gauge 
on the tube T = [—R, R\ x y, and similarly for translation invariant temporal gauge solutions 



Clearly, if a connection A on L|Rxy is ™- temporal gauge, it can be recovered from the 
path A{t), since it has no dt component. 



Remark 3.3.2 If A = Ar is any connection on Xr (see 3.2. 1| ), there exists a gauge 



transformation g{R) in the connected component of idx in the gauge group Q such that 
g{R)A is in temporal gauge on [— i?, i?] x Y. Further, if Aji\x+ is ^ fixed connection on 
L\x+ independent of i?, we may choose g[R) to be the identity map idx+ on the piece 
for all R. Similarly for 



Proof of remark: 

Let Ao(y, t)dt be the dt component of A on [—R, R] x Y . There is a C°° function hji(y, t) 
on [—R,R] X y which satisfies : Ao{t,y) = ^h^^hvl^ Choose a C°°-function / extending Hr 
io X = Xr. If Aji{R,y) = A^{R,y) is independent of R, we may choose hR{t,y) to be such 
that h{R, y) = for all R, and choose / to be identically on X-^- for all R. Now take the 
gauge transformation g{R) = exp(27ri)/(t, y). Now, since 

g{RrUg{R) = 2'Ki {^^^^^^ dt = 2mA^{y,t)dt 

on [— i?, R\ X y, it follows that gA = A — ^g~^dg has no dt component on [—R, R] x Y. □ 
Let i9^{t) : r(W3) — > r(W3) be the induced Dirac operator on W3, with respect to the 



connection A{t). In view of Remark 3.3.2 above, any solution (A,^) to the Seiberg-Witten 
equations on [XR^gn) can be assumed to be a temporal gauge representative in its gauge 
equivalence class. Our first goal is to consider the restriction of such a temporal gauge solution 
to the tube T = [—R,R\ x Y , and view it as a time-dependent solution (A(t), ^{t)) of some 
equations on Y involving etc. 

Lemma 3.3.3 Let us denote by *y the star operator on Y defined by the metric gy (induced 



from gn on X as in 3.2.1), and let a 2-form a; on X be expressed as u; = A (/> + on the 



tube T = [—R, R\ xY where cj), ip are devoid of dt. Then 

*UJ = *y(f) + dt A *ytp 

where * is the star operator of gji on X. 
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Proof: Is a straightforward exercise, since qr = dt^ x gy and so dVg^ = dtdVy , and the star 
operator is characterised by the diagram in the subsection 1.3 (Self-Duahty) of §1. □ 

Corollary 3.3.4 Let ^ be a connection on X = Xr, and let Fa be its curvature. Let T 
denote the tube [—R, R] x Y, with the product metric gR = dt^ x gy- Then, if A is translation 
invariant in a temporal gauge, we have the equality of pointwise norms : 



Proof: Write Fa = dt A ^ + Fax- Lemma above, 



F+ = -{Fa + *Fa) 
Fa=\{Fa + *Fa) 



, fdA ^ \ / dA 
dtA[^- + .yFA,y) + [FA,y + .y- 



dth 



dA 
Itt 



- *YFAy + Fax ~ *y 



dA\ 
Itt) 
dA\ 
IE J 



Thus, since ^ — for A translation-invariant and in temporal gauge, we have the result. □ 



The proof above also shows that the spaces of *-self dual and antiself dual 2-forms on T 
which are f-translation invariant are both isomorphic to Q^(Y). The self-dual one is given as 
^{dt A *yu){y) + oj{y)) and the anti-selfdual one as ^{—dt A *yuj{y) + io{y))- 

For notational convenience, we denote the isomorphism oo i-^ ^{—dt A *yw + uj) by 
9 : ^^{Y) — > ri?^^(T), where the right hand side is the space of translation invariant 
self-dual forms on T. 

The Clifford structure map 7 : A^{T) (g) C ^ Hom(W+,W_) restricts to the Clifford 
isometry 7 : A^{Y) (g) C — End''(W3). It is easily checked that poO = j. Finally, we recall 
the pairing a defined by a{^, *) = i - ^h+{^, *)ld) over the tube T: 

a ■.W+®W+^ End°(iy+) ~ C 

Since W+ = Tr*{Ws), we have the pairing: 

T -.WsxWa^ A^{Y)(g>C 

where 7 o r = o". So, if we regard a section $ € r(W+|r) as a section in T(Tr*W3), which is 
the same as a path of sections in T{Ws), then by definition, 

y),m, y)) = 7(T($(i)(y), 

Now we look at the Dirac operator on T. The covariant derivative with respect to A and 
compatible with the Levi-Civita connection of gR is given by : 

V^.dt = i{A h dt) ® (-) + ^ 
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where h denotes contraction. Since A is in temporal gauge, A \- dt = 0, and so Va^i = ^■ 
Of course, viewing — ) as a path of sections of W3, we have 

5t ~ dt 

Also, the Clifford multiplication c{dt) is what makes py+ isomorphic to W- ~ 7r*(VF3). So 
the Dirac operator for the bundle W on the tube T with induced Spin^ structure on T reads 
as : 

where 9^(4), Y is the Dirac operator for the induced Spin^ structure on Y. It follows that time- 
dependent Seiberg-Witten equations read on Y as (assuming, as usual that A is in temporal 
gauge): 



Da = — + dA{t),Y 



dA ^ \ S 
— + *yFa,y] - ^) - *y 2 = 

^ = -dAitlvm (4) 

where 6 £ Q'^{Y). Hence we have the : 

Proposition 3.3.5 If {A, is a temporal gauge solution to the Seiberg-Witten equations 
on the tube T = R x F or [-R,R] x Y, then {A{t), <^{t)) is a path in Ay x T{W3) which is 
a trajectory of the equations (^) 

We now note that the equations |3.3.5| above are the gradient-flow equations of a functional 
defined on Ay x r(W3). 

Proposition 3.3.6 The equations (§) are the gradient flow equations for the functional 
defined on Ay x r(1^3) by 

CsiA, CD) = -i (^J^{A -B)A {Fa " ^) + ^^^)p^3,y 

where S is a reference connection on L|y and the integrand on the extreme right is the inner 
product on the fibre W^^y, and 5 is a 2-form on Y. Hence, {A(t),^{t)) satisfying @ is the 
gradient flow for this functional, and Cs is monotonically increasing along this trajectory. 



Proof: For simplicity, denote A — B as A, where B is the reference connection. Let {cj}?^ 
be a (-, -)w3 unitary frame for W3. We recall that a{^, ^) = i {h+{-, '^)^ - ^/i+(<I>, ^')Id^ 
The foregoing definitions lead to the following identity (since 7 maps into traceless endos): 

<r($,$),a;> = < cr($, ^>), 7(0;) >= ^Tr((-, $)$ o 7((:j)*) 
. 2 
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where the round brackets denote the hermitian inner product (— , —)w3,y on the fibre W^^y and 
the angular brackets denote the Riemannian inner product on y. In view of the calculation 
above, and that Oa = J2^=il{^j)'^ a,ujj the inner product (<I>, dA^)w3 satisfies: 

3 

j=i 

3 

= -iJ2< A,ojj > {<^,j{iOj))w3 = -2 < t{<I>,^),A> 
i=i 

where {ujj}^^^ is a local orthonormal frame for A^(Y). 
Thus the integrand of Cs becomes : 



Thus, 



^ <A,*y{Fa-S) > +^{^,dB<^)w„y- <r($,$),^> 

II = -(<-,*y(FA-^5)>-<-,r(c^,1>)> 

= -^ii-,dA^)w3,y+i'^,dA-)Ws,y) 
= -i-,dA<^)w3,y 

by using Stokes formula, Fa = dA and the self-adjointness of Oa on Y . Thus the gradient 
flow equations for the functional, viz., 

dA_dQ_ 

H ~ 'dA 
M_dQ_ 

It ~ 

lead, respectively, to the required equations (Q), and the proposition is proved. □. 

We next investigate what happens to Cs under the Gauge group action. We shall drop 
the subscript 5 from Cs for notational convenience. 

Proposition 3.3.7 Under a gauge transformation g G Map(y, S^), we have the transforma- 
tion formula: 

C{gA,g^) = C{A,^) + 2^9] U (ci(L) - ^[6n[ 

where [g] denotes the cohomology class of g in H^iYjK). Since [g] is an integral cohomology 
class, this shows that on a gauge orbit, C is well defined in R/2-k'^Z U (ci(L) - ^[6h])- 

Proof: We apply the formulas gA = A—g~^dg, dgAig^) = gdA^, and FgA = Fa to compute: 
C{gA,g<i>) = CiA,<^) + ^l^g-^dgAiFA-5) 

= C{A,'^) + 7r[g]U27r{ciiL)-^[6n]) 
= C{A,<^) + 27:'[g]U{c,(L)-^[6n]) 
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proving the proposition. □ 
Now we are ready for the main proposition of this section. 



Proposition 3.3.8 In the notation of Definition p. 2.1 , assume that Mc^sidn) is non-empty 



for R large enough. Then there exists a solution {A, to the Seiberg-Witten equations on 
R X y which is translation invariant in a temporal gauge. 



Proof: Let (^^, be a solution to the Seiberg-Witten equations on {Xji,gR) for suffi- 
ciently large R. By gauge transforming if necessary (see Remark 3.3.2), let us assume that 



all the Aji are in temporal gauge. Take reference connections Br on the bundle L Xji 
such that the restrictions Bji^x± '■— ^± ^-^e fixed, independent of R. 

Let us denote the change in the functional C along the tube T = [—R, R] xY C Xr by : 

IaAR) = C{Ar{R), ^r{R)) - C{Ar{-R), <^r{-R)) 



By the Proposition 3.3.6| , we have that C(A/j(t), <I>/j(t)) are monotonic functions of t. Now, 
{Ar,^r) will restrict to solutions on X^. By construction, the scalar curvature of qr has 
the same infimum on Xr for all R. Hence, by §5.2 of [PP], there is a uniform C'^-bound for 
all ^R on Xr independent of R. The (compactness) argument of §5.2 of [PP] shows that 
there exist gauge transformations of X± such that : 

h%AR -B^ = h%AR - B^ 

are both bounded in Sobolev L|-norm (for k suitably large) uniformly for all R. By Sobolev's 
Lemma, this implies uniform bounds on zeroth and first derivatives of Ar,^r for all 
R. Since C{h^AR{zizR),^R{zizR)) are the evaluations of C (which only involves derivatives 
upto first order) to the ends {±i?} x K of the tube [—R, R] x Y, we have uniform bounds 
for C{h^AR{±R),^R{zizR)) independent of R. Now let 7 be a 1-cycle Poincare-dual to 
ci(L) — ^[<Jw] in Y. It is the intersection with Y of the 2-cycle F which is Poincare-dual to 
c,{L)-^[6n] mX. 

Let i± : Y ^ X± denote the inclusions (as ends), and [/i^] denote the cohomology classes 
of /i| in H^{Y), or H^{X±). Then, 



> 



=<4(ci(^)-^[M)u[/i±],9±[X±]> = <6±il^ci{L)-^[6n]^U[h^],[X±]>=0 

where [Y], [X±] denote orientation classes, and d± : H4{X±,Y) {{^{Y) and 6± : H^{Y) — > 
H^{X±,Y) denote respectively the connecting homomorphisms in the long exact homology 



and cohomology sequences of the pair {X±,Y). Thus, by Proposition 3.3.7 we have 

Cih%AR{±R),h^<^>Ri±R)) = CiAR{±R),^Ri±R)) 
Thus we have a uniform bound M on ^a^.^jj independent of R. 
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Now let i? be a positive integer, say R = N, and denote by Aj the change in C across 
[i — X Y, viz. 



Ai = C{AN{i),^N{i)) - C{AN{i - 1), ^N{i - 1)) 

We saw in Proposition |3.3.5| that {Afyr,^N), being solutions to Seiberg-Witten equations 
and An being in temporal gauge implied that they were (time-dependent) solutions to the 
equations and the Proposition 3.3.6| then implied that C was monotonic increasing in 
time for these solutions. Thus all the Aj are non-negative. Let ^rnin,N = miuj Aj. Hence we 
have : 

+N 

2iVA^in,jv< E ^^ = C{AN{N),^N{N))-C{AN{-N),^N{-N)) = lA^^^^<M 

i=-N 

for all N. 

Hence limjv^oo Amin,Ar = 0. Denote by (j4(^), <l>(jv)) the restriction of {An-,^n) to the 
interval [i — 1, i] x y on which Amin,Ar = | Aj|. This may be viewed as a solution on [0, 1] x y, 
denoted by the same symbol (^(jv); *^'(Af))- As we saw above, we have 

C(yl(^)(l),<I>(^)(l))-C(yl(^)(0),<I>(^)(0)) < ^ 

which goes to as — > oo. The uniform bound on {An^^i^i), and hence (^(tv), ${Ar)) 
gives a solution (on passing to a subsequence) {A, <I>) on [0, 1] x y for which 



(C(A(1),<I>(1))-C7(A(0),<I>(0))) =lim (C(A(^)(1),<I>(^)(1))-C7(A(^)(0),<I>(^)(0)) 







The monotonicity of C across [0, 1] x y implies that {A, <1>) is constant along [0, 1] x Y . This 
solution is clearly therefore a translation invariant solution on [0, 1] x Y , which extends to all 
of R X y by time-translating for all times. □ 



4 Proof of Thorn's Conjecture 



We first need a lemma : 



Lemma 4.0.9 Let y = S"^ x S, where S is a Riemannian 2-manifold of constant scalar 
curvature s and genus 5 > 1. Assume the metric on S is normalised so that its volume 
is 1 (and thus s = 27rx(S) = 27r(2 — 2g)). Let Y have a metric gy extending this metric 
on S, and let the infinite tube T = R x y have a product metric dt^ x gy, and L be the 
line bundle associated with a compatible Spin^ structure. Suppose there is a solution to 
the Seiberg-Witten equations on {T,gy) which is translation invariant in a temporal gauge. 
Then: 

— / Fa <2g-2 
2^ is 
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Proof: From the bound (see §5.2, [PP]), the sup norm satisfies |^>|^ < 27r(25-2) + | 
Since I ct($,$)P 



i |<I>|^, we have 



|a($,$)U<-^((27r(2<7-2)) + 



Thus, from the Seiberg-Witten equations: 

1 



<^(2^(2g-2)) + 2 

oo,Y ^2 



However, by Corollary |3.3.4 , we have the pointwise norm equality 
solution is translation invariant in a temporal gauge. Therefore, 



\Fa\\ < V2 



Thus 







1 r 




[.Fa 


< — 


27r. 


- 27r 



<27r(25-2) + 0(||5||^) 



27r(25 - 2) + 0( / 



This proves the lemma, since 6 is arbitarily small. 
Now we can prove the main theorem. 



because our 



□ 



Theorem 4.0.10 (Kronheimer-Mrowka) If E is an oriented 2-manifold smoothly em- 
bedded in CP^ so as to represent an algebraic curve of degree d, then the genus g{T,) of S 
satisfies: 



Proof: The cases of d = 1,2 are trivial, and d = 3 is due to Kervaire-Milnor (see reference 
[6] in [KM]). So we will assume d > 3 in the sequel. By Proposition 3.2.3| , there exists 
a metric gn on X = CP^^d^CP^ such that ci(L) U [cog^] < 0. By Corollary the 
moduli space Mc^sign) 7^ (We just need to ensure that the reference metric we started 
with on X is a product metric in a tubular neighbourhood of y = S"^ x S.) By Proposition 
3.3.8 , there is a solution on R x y which is translation invariant in a temporal gauge. By 

2, which implies ci(L).S > 2 



the Lemma 1.0.9 above, ci(L).[S] 

opening discussion of 
Thus {3H - E).{dH 
3d - d^ > 2 



< 25 

l] we have ci(L) = ZH — E, and by construction [S] 
E) > 2 - 2g. Applying H.E = 0, H.H = 1, E.E = - 



2g, i.e. g > (fL_LHfL_Hl^ proving the theorem. 



2g. By the 

= dH - E. 
-d^, we get 



5 Appendix rPredholm Theory 
5.1 Preliminaries 

All Hilbert manifolds in the sequel are assumed to be second countable and paracompact. 
We recall that a bounded operator T : 7ii — > 7i2 is said to be Predholm if Ker T and Coker T 
are finite dimensional and the range ImT is closed. 
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Definition 5.1.1 We call a smooth map : 

a Predholm map if the derivative Df{x) : T^M. — T^M is a Predholm operator for each 

It is necessary to extend results like the implicit function theorem in the finite dimensional 
case to the infinite dimensional case, so as to make manifolds out of inverse images of regular 
values etc. The key to doing it is the following proposition, which enables one to construct 
a "standard local model" of a smooth map whose derivative is given to be Fredholm at a 
point p, in a neighbourhood of p. Its main utility is to decompose a (non-linear) smooth 
map with infinite-dimensional range into a linear map (with infinite-dimensional range) and 
a non-linear map with finite dimensional range, in a small neighbourhood of p. 

Proposition 5.1.2 Let Hi and H2 be two Hilbert spaces, and let f : Hi ^ H2 he a 

smooth map between them, such that /(O) = 0. Assume that the derivative T = Df{0) is 
a Fredholm operator from TqHi = Hi to TqH2 = H2- Note that we are only requiring the 
derivative to be Fredholm at a point, not that f necessarily be a Fredholm map. Then, with 
the orthogonal decomposition Hi = KerT© Vi, 7^2 = ImT© V2, there exists a (non-linear) 
map (f) : Hi ^ V2 = CokerT and a diffeomorphism h : U ^ h{U) fov U a neighbourhood 
of such that : 

(i) f o h{n,vi) = {Tvi,(p{n,vi)) for n G KerT, vi G Vi, {n,vi) e U. So (f) is smooth with 

finite dimensional range V2 = Coker T. In particular, 

(ii) / is a Fredholm map in the neighbourhood U of 0. 

(iii) 0(0) = 0, r»(^(0) = 0. 

(iii) If G is a group acting via an orthogonal linear action on Hi and H2, and / is G - 
equivariant, then Vi, V2 are G-invariant, and h and (j) are also G-equi variant. 

Proof: 

Clearly if / is G-equivariant, T = Df{0) is also G-equi variant, and the orthogonality of 
the action implies that both KerT and ImT being G-invariant, their orthogonal complements 
Vi and V2 = CokerT are G-invariant. 

Note that Tjy^ : Vi — >^ ImT is a bounded bijective linear operator, so has a bounded 
inverse : ImT — > Vi by the open mapping theorem. Let tt : H2 ImT be the orthogonal 
projection onto ImT. Let T denote the composite T^^ o tt : H2 — Vi, and 9 : Hi — > KerT 
be the orthogonal projection onto KerT. Consider the map: 

X: Hi ^ Hi 

X ^ {9{x),f{f{x)) 
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Then, since 9{n) = n for n G kerT, we compute: 

Dxmn,v) = in,foDf{0)in,v)) = {n,foT{n,v)) 

= (n, T^^ o vr o T{n, v)) = (n, T^^ o T(n, v)) = (n, 

Note also that in the G-setting, x is G-equi variant. Now DxiO) = id implies by the (infinite- 
dimensional) inverse function theorem that there exists a ball V = B{0,5) around the origin 
in Til on which x is diffeomorphism onto its image. Let Ui = B{0,e) C x(^)i ^-nd for 
y G Ui, define 4>i : Ui ^ V2 by (pi = vrvj 0/0 X~^{y)- Note that again, in the G-setting, 
is G-equivariant since it is a composite of G-equivariant maps. Now foi y £ Ui = B{0,e), we 
have, using T{9{u),v) = T{v) and the definitions above : 

/ o x'^{y) = (vr o / o x^^{y),'^v2 ° f° x'^iv)) = {ToT-^ o tt o / o x'^(.y),4>i{y)) 
= {Tofof{x-'{y),My)) = {T{e{x~\y)),ff{x-\y)))Ai{y)) 
= {Toxox-\y)Ai{y)) = iT{y),My)) 

All we need to do now is extend (pi : Ui ^ V2 to (j) : TCi — > V2 in a G-equivariant manner, 
and this is easily done by using the map : 

p: Hi -^Hi 

ex 

e + -fAdkll) ||x|| 

where V' : R ^ [0, 1] is a G°°-map which is identically zero for \t\ < | and identically = 1 for 
\t\ > e. Then p is G-equivariant since G preserves || ||; and maps Tli into -6(0, e) and is equal 
to the identity map on i?(0, |). Thus the map (/> = (/>i o p is a G-equivariant map agreeing 
with (pi on i?(0, |). Now take U = i?(0, |) and h = x^^- Clearly, 0(0) = by construction, 
and since Df{0) = T, we have D(p{0) = 0, and hence (i), (iii), and (iv) follow. To see (ii) note 
that on U, we have / equivalent to the map (T, (p) via the local diffeomorphism h applied on 
the domain. Since T is a linear isomorphism from Vi to ImT, and (p is smooth with finite 
dimensional range, it is easy to check that (T, </>) is Fredholm on U. Thus / is also Fredholm 
on U, proving (ii). □ 



Corollary 5.1.3 Let /, (p, U, Tii, and TC2 be as in the last proposition 5.1.2 . Let U := h{U). 
Then, for (a, 6) £ TC2, 

(i) the germ of the inverse image of (a, 6), i.e. f~^{a, 6)nU is equivalent (i.e. via an ambient 
diffeomorphism h : U ^ U) to 0^^((5), where 

(pb- V2 

n (p{n, b) 

b := T^^{a) (uniquely defined as an element of Vi), and Ub = 0{U H 7ry^(6)) is the 
6-slice of U. Thus, with the hypotheses on / of the last proposition, a local model 
for f~^{a,6) near is given by the fibre of the finite dimensional smooth map cpb- In 
particular /~^(0) is locally homeomorphic to 0g ^(0). 
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(ii) For a fixed a in ImT C 7^2) icL,6) is a regular value for /|^ if and only if <5 is a regular 
value for the smooth map (pb\Uii whose domain and range are finite dimensional. By 
the usual (finite-dimensional) Morse-Sard theorem applied to (f'blUt' follows that for 
a fixed a, there is a Baire subset of 5 € V2 such that (a, 5) is a regular value for f^. In 

case 5 happens to be in this Baire subset, the inverse image f~^{a,6) n [/ is a smooth 
manifold of dimension = dimC/^ — dim V2 = dim(KerT) — dim(Cokerr) = index T. 
(Note: A Baire set is a countable intersection of open dense sets.) 

(ill) If / : — > AA is a smooth Predholm map between Hilbert manifolds, the regular values 
of / constitute a Baire subset of Af. 



Proof: f,Q has exactly the same properties as /o h\ij as far as regular values, inverse images 



of regular values etc. are concerned. Thus 5.1.2 implies (i) and (ii). (iii) follows from second 
countability and the fact that countable intersections of Baire sets are Baire. □ 



Corollary 5.1.4 Let everything be as in Proposition 5.1.2 . If / is a G-equivariant map, 
(with G acting orthogonally and linearly on both domain and range as before), then a local 
(homeomorphic) model for {U D f~^{0))/G is (Uq D 4>q^{0))/G where (po = 4>{-, 0). 



Proof: By (i) of the corollary 5.1.3| above, U Ci f ^(0) is homeomorphic to Uo D (f)Q ^(0) via 



a G-equivariant local diffeomorphism h : U U in the ambient space. Since (iv) of ^.1.2 



implies that (f) is G-equivariant, so is <pQ = (/>(—, 0), and the corollary follows. □ 
Thus we have proved the following : 

Proposition 5.1.5 (Local finite- dimensional model for a neighbourhood of a singular point 
in the orbit space) If / : Tii Ti.2 is a G-equivariant map between Hilbert spaces on which 
G acts linearly and orthogonally, such that T = Df(0) is a Fredholm operator, then a local 
model for the germ of /^^(O) /G at is the germ at of the finite dimensional object (/)q ^(0)/G, 
where (po : Ker T Coker T is a smooth G-equivariant map between finite dimensional spaces 
(with the restricted action of G). 



Another lemma which will be useful in the sequel is the following: 

Lemma 5.1.6 Let f : M ^ A/i x J\f2 be a smooth map between Hilbert manifolds, and let 
fi := vTj o / where vrj are the projection maps to A/i for i = 1,2. Then 

(i) {a,b) £ Ai X M2 is a regular value of / if a is a regular value of /i and & is a regular value 

of /2|/r^(a)- 

(ii) If / is a Fredholm map, then f2\f-^[a) ^ Fredholm map for all regular values a of /i. 

For a regular value a of /i, there is a Baire subset U C N2 such that (a, b) is a regular 
value of / for 6 G [/. 
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Proof: Let Ma := fi ^(a)- We have the commuting diagram: 

Ma ^ M Ml 

i f\Ma i / II 

[a] Xj\f2 ^ J\flXj\f2 — > Ml 

which leads to the diagram of derivatives : 

T,{Ma) ^ T^M ""^^ TaMi 

i Df2\M. i Df{x) II 

^ Tf^(x)^^2 TaAfi®Tf^^^)M2 TaMl ^ 

for ah X G Ma- Clearly Df{x) is surjective iff Df2{x) is surjective, for all x G M.a- Thus 
(a, f2{x)) is a regular value of / iff f2{x) is a regular value for f2\Ma- Similarly, the Predholm 
statement follows because of the snake lemma, for all x G Ma- ^ 
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